Beyond Clustered Planarity 



Patrizio Angelini^, Giordano Da Lozzo^, Giuseppe Di Battista^, 
Fabrizio Frati^, and Vincenzo Roselli^ 

^ Dipartimento di Informatica e Automazione, Roma Tre University, Italy 
^ School of Information Technologies, The University of Sydney, Australia 



Abstract. In a drawing of a clustered graph vertices and edges are 
drawn as points and curves, while clusters are represented by simple 
closed regions. A drawing is c-planar if it has no edge-edge, edge-region, 
or region-region crossings. An obvious necessary condition for c-planarity 
is the planarity of the graph underlying the clustered graph. However, 
planarity is not sufficient and the constraints imposed by the absence of 
edge-region and of region-region crossings make the family of c-planar 
graphs too small for some of the typical Graph Drawing application con- 
texts. Hence, we relax such constraints and define and study (q, /?, 7)- 
drawings of c-graphs whose underlying graph is planar. In an (a, /?, 7)- 
drawing the number of edge-edge, edge-region, and region-region cross- 
ings is equal to a, /3, and 7, respectively. In this context {a, /3, 7)-drawings 
are a generalization of c-planar drawings, where a = /3 = 7 = 0. 



1 Introduction 

A clustered graph (shortly c-graph) C (G, T) consists of a graph G and of a rooted 
tree T whose leaves are the vertices of G. Each internal node v oiT corresponds 
to the subset V{v) of the vertices of G (called cluster) that are the leaves of the 
subtree rooted at v. The subgraph of G induced by V{y) is denoted by G{v). 
Graph G and tree T are called underlying graph and inclusion tree, respectively. 

In a drawing of G vertices and edges of G are drawn as points and curves, 
and each node v of T is represented by a simple closed region R{h') containing 
all the vertices in V{v). Also, if is a descendant of n then i?(/i) contains i?(zy). 

A drawing of G can have several types of crossings involving edges and re- 
gions. If two edges of G cross we have an edge-edge crossing. Consider an edge 
e of G and a node v of T, if e crosses the boundary of i?(i^) more than once 
we have an edge-region crossing. Consider two nodes fi and v of T, if the bor- 
der of R{fJ-) intersects the border of R{i^) we have a region-region crossing. A 
drawing of a c-graph is c-planar if it does not have any edge-edge, edge-region, 
or region-region crossings. A c-graph is c-planar if it admits a c-planar drawing. 
In the last few years c-planarity was studied by several researchers (see, e.g., 
|7I11I3I4(T^ V However, the class of c-planar c-graphs might be too small to be 
relevant for some of the Graph Drawing application contexts. Hence, in this pa- 
per we relax the c-planarity constraints and study how such a relaxation impacts 
the features of the drawings and the drawability properties of c-graphs. Namely, 
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Table 1. Relationships between types of drawings proved in Theorem [2] 

we study (a, /3, 7)-drawings of c-graphs. In an (a, /3, 7)-drawing the number of 
edge-edge, edge-region, and region-region crossings is equal to a, /3, and 7, re- 
spectively. As a consequence, a c-planar drawing can be seen as a special case of 
an (a, /3, 7)-drawing where a — (3 — ^ — 0. In order to study the relationships 
between c-planar drawings and (a, /3, 7)-drawings we restrict the attention to 
c-graphs whose underlying graph is planar. 

We present the following results. First, we show that there are c-graphs that 
have drawings with one crossing of a certain type but that require many cross- 
ings in drawings where different types of crossings are allowed. E.g. there are c- 
graphs that admit a (0, 1, 0}-drawing and that require a £ i7(n) for any (a, 0, 0)- 
drawing. See Tab.[T]for a summary of these results. Second, we study the number 
of crossings in (a, 0,0)- (0, /3, 0)- and (0, 0, 7)-drawings, giving upper and lower 
bounds for different types of c-graphs. Some of these results are summarized in 
Tab. [21 Results written in gray derive from those in black, while a "si" means 
that there exist c-graphs not admitting the corresponding drawings. A "0" oc- 
curs if the c-graph is c-planar. A c-graph is c-connected if for each node v of 
T graph G(z/) is connected while it is flat when the height of T is two (i.e., no 
cluster different from the root contains other clusters) . For each result the corre- 
sponding theorem is cited. Third, we present several complexity results. Namely, 
we show that: (i) minimizing a in an (a, 0, 0)-drawing is NP-complete even if 
the underlying graph is a matching; (ii) minimizing /3 in a (0, 0)-drawing is 
NP-complete (see also [8]) even for c-connected c-graphs; and (iii) minimizing 7 
in a (0, 0, 7)-drawing is NP-complete. Finally, we present a polynomial-time al- 
gorithm to test whether a c-graph whose underlying graph is biconnected admits 
a (0, 0, 7)-drawing. 

The paper is organized as follows. Section [2] gives definitions and preliminary 
lemmas. In Section |3] we study the inteplay between different types of (a,/3,7)- 
drawings. In Sections IH El and [6] we study (a, 0,0)-, (0, /3, 0)-, and (0,0,7)- 
drawings, respectively. Section [7] contains conclusions and open problems. 
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Table 2. Upper and lower bounds for the number of crossings in {a, 0, 0), (0, /3, 0) and 
(0, 0, 7) drawings of c-graphs. Flags c-c and flat mean that the c-graph is c-connected 
and that the cluster hierarchy is flat, respectively. 



2 Preliminaries 



Every c-graph C{G, T) that is considered in this paper is such that G is planar. 

In a drawing of C{G,T), an edge-edge crossing (ee-crossing) is a crossing in 
the drawing of G; an edge-region crossing (er-crossing) is a crossing involving an 
edge e of G and a region representing a cluster fi in T; namely, if e crosses k 
times the border of the number of er-crossings between e and is [|J . 

Note that if e intersects the border of -R(/z) exactly once, then such an intersection 
does not count as an er-crossing, as in the traditional c-planarity literature. A 
region-region crossing (rr-crossing) is a crossing involving two regions R{fJ.) and 
R{v) representing clusters /Lt and v in T, respectively, and such that ^ is not an 
ancestor of v and vice- versa. The number of rr-crossings between R{fi) and Ri^v) 
is equal to the number of the topologically connected regions resulting from the 
difference between R{ij,) and R{v) minus one. 

An (a, /?, 7)-drawing of a c-graph is a drawing with a edge-edge crossings, /? 
er-crossings, and 7 rr-crossings. In the following we give a simple preliminary 
result. 

Lemma 1. Given a, /?, and 7, the problem of testing whether a c-graph C{G, T) 
admits an {a, (3,^) -drawing is in NP. 

Proof. Similarly to the proof that the CrossingNumber problem is in NP [9], 
we need to "guess" a drawing of G(G, T) with a edge-edge crossings, with /3 edge- 
region crossings, and with 7 region-region crossings. This is done as follows. Let 
m be the number of edge-cluster pairs (e,/Lt) such that one end- vertex of e is in 
H and the other one is not. Let < p < 7 be a guess on the number of pairs of 
clusters that intersect. Let f be a guess on the rotation schemes of the vertices 
of G. Arbitrarily orient each edge in G; also, arbitrarily fix a "starting point" on 
the border of each cluster in T and orient such a border in any way. 

For each edge e, we guess a sequence of crossings xi, X2, . . . , Xk{e.) occurring 
along e while traversing it according to its orientation. Each of such crossings 
Xi is associated with: (1) the edge e' that crosses e in Xi or the cluster n' whose 
border crosses e in xi] and (2) a boolean value h{xi) stating whether e' (resp. the 
border of fj!) crosses e from the left to the right according to the orientations of 
e and e' (resp. of e and the border of /x'). 

Analogously, for each cluster /i, we guess a sequence of crossings xi, 0:2, • • ■ , a;/j(^) 
occurring along the border of /i while traversing it from its starting point accord- 
ing to its orientation. Again each of such crossings Xi is associated with: (1) the 
edge e' that crosses the border of ^ in Xi or the cluster ^i' whose border crosses 
the border of in Xi; and (2) a boolean value h{xi) stating whether e' (resp. the 
border of /x') crosses the border of /i from the left to the right according to the 
orientations of the border of /i and e' (resp. of the border of ^ and the border 

ofA^')- 

Crossings are guessed in such a way that there is a total number of a crossings 
between edge-edge pairs, a total number of 2/3 -f 2m crossings between edge- 
cluster pairs, and a total number of 27 -|- 2p crossings between cluster-cluster 
pairs, so that p pairs of clusters have a crossing. 



We construct a graph G* with a fixed rotation scheme around each vertex as 
follows. Start with G* having the same vertex set of G and containing no edge. 
For each edge e in G, add to G* a path starting at one end-vertex of e, ending 
at the other end-vertex of e, and containing a vertex for each crossing associated 
with e. For each cluster in T , add to G* a cycle containing a vertex for each 
crossing associated with /i. This is done in such a way that one single vertex is 
introduced in G* for each guessed crossing. The rotation scheme of each vertex 
in G* that is also a vertex in G is the one in £. The rotation scheme of each 
vertex in G* corresponding to a crossing Xi is fixed according to b{xi). 

Check in linear time whether the constructed graph G* with a fixed rotation 
scheme around each vertex is planar. For each cluster /i, check in linear time 
whether the cycle representing the border of fi contains in its interior all and 
only the vertices of G and the clusters in T (that is, all the vertices of the 
cycles representing such clusters) it has to contain. Observe that, if the checks 
succeed and a planar drawing of G* with the a fixed rotation scheme around each 
vertex can be constructed, the corresponding drawing of C(G, T) is an (a, /3, 7)- 
dr awing. □ 

We continue with a result about the crossing number in graphs without a 
cluster hierarchy. We define G{m) as the multigraph obtained by replacing each 
edge of a graph G with a set of at least m multiple edges. For each pair (u, v) 
of vertices, we denote by S{u, v) the set of multiple edges connecting u and v. 

Lemma 2. Graph G(m) has crossing number cr{G{m)) > • cr(G). 

Proof. Consider a drawing F of G{m) with the minimum number cr{G{m)) of 
crossings. 

First, observe that in F no edge intersects itself, no two edges between the 
same pair of vertices intersect, and each pair of edges crosses at most once. 
Namely, if any of these conditions does not hold, it is easy to modify F to 
obtain another drawing of G{m) with a smaller number of crossings, which is 
not possible by hypothesis (see, e.g., [H]). 

We show that there exists a drawing F' of G{m) with cr{G{m)) crossings 
in which, for each pair of vertices u and w, all the edges between u and v cross 
the same set of edges in the same order. Let emin{u,v) be any edge with the 
minimum number of crossings among the edges of S{u,v). Redraw all the edges 
in S{u, v) \ eminiu, v) so that they intersect the same set of edges as eminiu, v), 
in the same order as eminiu, v). 

Starting from F' , we construct a drawing Fq of G. For each pair of vertices 
(u, v), remove all the edges in S{u, v) except for one edge e*{u, v). The resulting 
drawing Fq of G has at least cr{G) crossings, by definition. For any two edges 
e*{u, v) and e*{w, z) that cross in Fq, we have that each edge in S(u, v) crosses 
each edge in S{w, z), by the properties of F' . Hence F' contains at least m^-cr{G) 
crossings. □ 



3 Relationships between a, /3 and 7 



In this section we discuss relationships between ee-, er-, and rr-crossing for the 
reahzabihty of a (a, /3, 7)-drawing of a c-graph. 

First, we describe a c-graph C*(G*,T*), see Fig. |l(a)] that will be used as a 
template for the graphs in the proofs of Theorems [T] and of Theorem [5] Graph 
G* is obtained from graph K^{m), with m G i7(n) on vertices {a, 6, c, d, e}, 
as follows. First, remove from Kr,{m) the sets of edges S{a,d) and 5(0,6). 
Then, replace each edge in S{u,v) such that w, u G {a, 6, c, d, e}, w / u, and 
^ {(a, e), (c, d)}, with a length-2 path. Finally, for i = l,...,m, add to 
G* vertices Ui, Ci,di, Ci, and edges (a, a^), (c, Ci), (d, di), (e, e^). For i = 1, . . . , m, 
T* contains clusters /x.^ = {0^,6^} and = {ci,di}. We denote by S{a,e) = 
{(a,ai), (e, e^), = 1, . . . , m} and S{c,d) = {(c, q), (d, di),i^i\i = 1, . . . , m}. 

The following theorem proves that there exist c-graphs for which allowing 
ee-, er-, and rr-crossing at the same time does not reduce the total number of 
crossings with respect to allowing only one type of crossings. 



Theorem 1. There exists an n-vertex non-c-connected flat c-graph C{G,T) that 
admits {a, 0, 0)-, (0, (3, 0)-, and (0, 0, j)-drawings, and such that a+P+j £ Q{n'^) 
in every {a, l3,j)- drawing ofC{G,T). 



Proof. Clustered graph C{G,T) is obtained from G* by adding two sets of m 
length-2 paths S{a, d) and S{c, e) to G* and by adding all the new vertices to 



cluster /i, see Fig. 1(b) 



First, we prove that G admits (a, 0, 0)-, (0, /?, 0}-, and (0, 0, 7)-drawings. Such 
drawings are constructed starting from three different drawings Fa, Fp, and F^ of 
i^s , respectively. Drawings F^ I)? , and F-^ are such that the only pairs of crossing 
edges are (a,d) and (c, e), (a, e) and (&, c), and (a, e) and (c, d), respectively. In 
each of Fa, Fp, and F^, for each pair of vertices u,v & {a, 6, c, d, e}, replace 
edge (w, v) with S{u, v). Such a replacement is done in such a way that: (1) the 
drawing of the edges and clusters m. S{u,v) is arbitrarily close to the drawing of 
{u,v)\ and (2) if (w, v) G {(a, e), (c, d)}, say {u,v) = (a, e), and if (a, e) crosses 
another edge (u', v') of if 5, then the regions representing clusters /Ltj cross all the 
elements in S{u\v') and the edges (0,0^) and (e, e^) do not cross any element 
in S{u', v'), ioi i = I, . . . ,m. By the choice of the crossing edges in Fa, Fp, and 
riy, we have that only edge-edge pairs, edge- region pairs, and region-region pairs 
intersect in the constructed drawings, respectively. 

Second, we show that a -\- P + ^ € Qln?) in every (a, /3, 7)-drawing F of 
G(G,T). Starting from F, we obtain a drawing F' of a subdivision of Kc,{rn) as 
follows. For i — l,...,m, insert a drawing of edge (ai,ei) inside R{ni), insert 
a drawing of edge (ci,di) inside R(yi), and remove regions R{^.i) and R{vi). 
The obtained graph is a subdivision of Kc^{m). Hence, by Lemma [21 F' has 
fl(ii?) crossings. Moreover, each crossing in F' corresponds either to an edge- 
edge crossing, or to an edge-region crossing, or to a region-region crossing in F, 
thus proving the lemma. □ 



(a) (b) (c) (d) (e) 

Fig. 1. (a) C-graph C*: dotted lines are placeliolders for gadgets used in Tiieorems [l] 
andU (b) C-grapli C{G,T) of Tlieorem [T] (c) (1,0,0)-, (d) (0,1,0)-, and (e) (0,0,1)- 
drawing of Ci, C2, and C3, respectively, of the proof of Theorem [51 



Next, we study the followmg question: suppose that a c-graph C{G, T) admits 
a (1, 0, 0)-drawing (resp. a (0, 1, 0)-drawing, resp. a (0, 0, l)-drawing); does this 
imply that C{G,T) admits a (0, /3, 0)-drawing and a (0, 0, 7)-drawing (resp. an 
(a, 0, 0)-drawing and a (0, 0, 7)-drawing, resp. an (a, 0, 0)-drawing and a (0, /?, 0)- 
drawing) with small number of crossings? In Theorem [2] we give a negative 
answer. 

Theorem 2. There exist c- graphs Ci, C2, and C3 such that: (i) Ci admits a 
(1,0,0) -drawing, (3 £ [2{n'^) in every {0, (3,0) -drawing of C'l, and 7 € i7(n^) 
in every {0,0,^) -drawing of Ci; (ii) C2 admits a (0,1,0) -drawing, a G f2(n) 
in every (a, 0,0) -drawing of C2, and 7 e fl{n^) in every (0,0,^) -drawing of 
C2; (Hi) C3 admits (0,0,1) -drawing, a G Q(n'^) in every (a, 0,0) -drawing, and 
P G fl(n) in every (0, (3,0) -drawing of C3. 

Proof. The graphs used to prove this theorem are constructed upon C* , which 
in turn is based on K^{m) that, by Lemma [U admits a drawing such that the 
sets of links between two pair of vertices in {a, b, c, d, e} intersect generating the 
minimum number of crossings. 

Clustered graph Ci{Gi,Ti) is obtained by adding edges {a,d) and (c, e) to 



G* and by posing Ti = T* . A (1, 0, 0)-drawing of Ci is depicted in Fig. 1(c) 
where edges {a,d) and (c, e) cross. 

Any (0, /?, 0)-drawing of Ci which minimizes (3 is such that one of S'{a, e) or 
S"(c, d) crosses an S{u, v), with u, w e {a, b, c, d, e} U {at, Ci,di,ei Vi = 1, ■ . . , m}. 
Further, since adjacent edges do not cross in any optimal drawing, S{u,v) fl 
{{a,c),{d,e)} — 0, thus generating i7(n^) edge-cluster crossings. The unique 
crossings that can occur in any (0, 0, 7)-drawing of Ci are those originated by 
S'(a,e) and S'(c,d). Since both sets contain m £ f2[n) elements, any (0,0,7)- 
drawing of Ci contains J7(n^) cluster-cluster crossings. 

Clustered graph C2{G2,T2) is obtained from C* as follows. Graph G2 is 
obtained by adding edge (c, e) to G* . Tree T2 is obtained by adding a cluster 
H = {a,d} to T 



A (0, 1, 0)-drawing of C2 is depicted in Fig. l(d)[ it is such that S'{a,d) 



and (c, e) cross. Any (a, 0, 0)-drawing of C2 with the minimum a is such that 
edge (c, e) crosses any of the S(u,v) with u,v £ {a,b,d}, thus generating a 
linear number of edge-edge-crossings. Since no two consecutive edges cross in 



any drawing with the minimum number of bends, neither S"(a, e) nor S'{c,d) 
can cross S'{a,d). This implies that any (0, 0, 7)-drawing of C2 is such that 
S'{a,e) and S'{c,d) cross each other, thus generating a quadratic number of 
cluster-cluster crossings. 

Clustered graph €3(03, T3) is defined as follows. Let G3 be equal to H, while 
tree T3 is obtained by adding clusters p — {a, e} and r = {c,d}. Any (0,0,1)- 



drawing of C3, see Fig. 1(e) is such that S"(a, d) and S"(c, e) cross. Any (a, 0, 0)- 
drawing of C3 is such that two sets S{u, v), with u,v (z {a, 6, c, d, e}U{ai, c^, d^, e^} 
cross. Since each of such sets is composed of to e n{n) edges, any (a, 0, 0)- 
drawing contains f2(n^) edge-edge crossings. Any (0, /3, 0)-drawing of C3 can be 
computed by realized in such a way that a set S{u, v), with w, u G {a, b, c, d, e} 
crosses either S'{a,d) or S''(c, e). Since each of the S{u,v) contains m g J7(n) 
edges, any (0, /?, 0)-drawing of C3 contains J7(n) edge-cluster crossings. □ 

Lemma 3. Any n-vertex c-graph admitting a (0, /3,0)- drawing also admits an 
(a, 0,0) -drawing with a G 0{l3n). 

Proof. Let 7^ be a (0, /3, 0)-drawing of a clustered graph C{G,T). We construct 
an (a, 0, 0)-drawing of C{G,T) by modifying F as follows. For each cluster /x, 
consider the set of edges whose line ie crosses the boundary b{fi) of its region. 
For each ie in such a set, let pi„ and Pout two points, along ie and not contained 
in arbitrarily close to the first and the last intersection point between £e 

and Then, the portion of £e delimited by Pm and pout can be redrawn as 
a curve arbitrarily close to b{fi). Such a rerouting implies that i'^ crosses a 
subset of the lines representing an edge with an endpoint belonging to fj,. Observe 
that such an elimination of an edge-cluster generates 0{n) edge-edge crossings. 
It follows that, by applying such an elimination process to each of the (3 edge- 
cluster crossings in F, the final (a, 0, 0)-drawing of C{G,T) contains 0(/3 ■ n) 
edge-edge crossings. □ 



4 (cK, 0, 0)-drawings of Clustered Graphs 

In this section we deal with {a, 0, 0)-drawings of c-graphs. We first give a O(n^) 
upper bound on a and then prove that this is strict, even for for c-connected 
flat c-graphs. 

Theorem 3. Let C'{G, F) be a c-graph. Fhere exists an algorithm to compute 
an {a, 0,0) -drawing of C{G,F) with a G Oin?). 

Proof. Let cr = wi , . . . , u„ be an ordering of the vertices of G such that vertices 
of the same cluster are consecutive in a. A drawing of G can be constructed as 
follows. Place the vertices of G along a convex curve in the order they appear 
in a. Draw the edges of G as straight-line segments. Since vertices belonging to 
the same cluster are consecutive in cr, drawing each cluster as the convex hull 
of the points assigned to its vertices yields a drawing without region-region and 
edge-region crossings (see Fig. [5]). Further, since G has 0{n) edges, and since 
edges are drawn as straight-line segments, such a construction produces O(n^) 
edge-edge crossings. □ 



Fig. 2. Illustration for Theorem O 



Theorem 4. There exists a c-connected flat c-graph C{G,T) such that a G 
f2(p?) in every {a, 0,0) -drawing of C(G,T) . 

Proof. We first define C{G,T). Graph G is a subdivision of K^im), with m = 
where the set of edges S{d, e) has been removed. Tree T is such that /i2 = 



{d}, ^3 = {e}, and all the other vertices belong to fii. See Fig. 3(a) Since both 
d and e must be outside any cycle of vertices of fii in F, as otherwise they would 
lie in R{fii), d and e are on the same face in any (a, 0, 0)-drawing of C(G, T) and 
a set of edges can be drawin between them without creating crossings. Hence, 
by LemmaEl a 6 n{n'^) (see Fig. |3(b)[ ). □ 




Fig. 3. Illustration for the proof of TheoremU] (a) Graph G. (b) Vertices d and e must 
be outside all the cycles composed of vertices of pi. (c) Graph G" , where the length-2 
paths connecting d and e are dashed. 



Theorem 5. There exists a non c-connected flat c-graph C{G,T), where G is 
a matching, such that a G Q[n'^) in every (a, 0,0) -drawing of G{G,T). 

Proof. Consider a flat clustered graph C{G, T) with five clusters Gi, . . . , C5. For 
each i ^ j with 1 < j < 5, add n/20 vertices to Ci and to Gj and construct a 
matching between these two sets of vertices. 

Consider any (a, 0, 0)-drawing F of G(G, T) such that a is minimum. First, 
we transform F into an (a', 0, 0)-drawing F* of G{G,T) with a' < a in which 
there exists no edge-edge crossing inside the regions representing clusters. This 
can be accomplished as follows. Since F has no edge-region crossings, if two edges 
ei and 62 cross inside the region representing a cluster /i, then ei and 62 are both 
edges connecting a vertex of with a vertex not in /.t. Hence, the curves ei(/i) 
and 62 (/x) obtained as the intersection of ei and 62, respectively, with the region 
representing ji m F can be replaced by two curves arbitrarily close to ei{p) 
and e2{ti) and not crossing each other. Repeating such a modification eventually 
leads to an (a', 0, 0)-drawing F* of G(G, T) with a' < a. 



Second, we add a vertex to each cluster Ci and connect it to all the vertices 
of Ci. Observe that, since no two edges cross inside the region representing a 
cluster, such an insertion can be performed without creating any new crossings. 

Removing from F* the drawings of the regions representing the clusters leads 
to a drawing of Kc,[n/2{)) with a' crossings. By Lcmma[21 a' G fl{ii?). □ 

Next, we deal with the problem of minimizing a in an (a, 0, 0)-drawing of 
a c-graph. We define the problem Q!-ClusterCrossingNumber (a-CCN) as 
follows. Given a c-graph C(G,T) and an integer A; > 0, problem a-CCN asks 
whether C(G,T) admits an (a, 0, 0)-drawing with a <k. Next theorem provess 
that a-CCN is NP-complete. 

Theorem 6. a-CCN is NP-complete even for matchings. 

Proof. The membership in NP follows from Lemma [TJ 

The NP-hardness is proved by means of a polynomial-time reduction from 
the CrossingNumber problem, which has been proved to be NP-complete by 
Garey and Johnson |9]. Given a graph G* and an integer k* > 0, the Cross- 
INgNumber problem consists of deciding whether G* admits a drawing with 
at most k* crossings. We describe how to construct an instance (C(G,T) , fc) 
of a-CLUSTERCROSSiNGNuMBER starting from an instance {G* ,k*) of Cross- 
INGNumber. See Figs. 4(a)|(b) For each vertex Vi of G*, add a set of deg(uj) 



vertices to G and add a cluster Ci containing such vertices to T. For each edge 
{vi,Vj) in G*, add an edge to G connecting a vertex in Ci to a vertex in Cj in 
such a way that each vertex of G has degree one. Notice that G is a matching. 
Further, set k = k*. Observe that instance (C(G,T) , fc) can be constructed in 
polynomial time. 




Fig. 4. (a) Graph G* in the proof of Theorem H (b) The clustered graph C{G, T) 
corresponding to G* . 



We show that instance {C{G,T),k) has a solution if and only if instance 
(G*, k*) has a solution. Suppose that (G*, k*) admits a solution, that is, G* has 
a drawing 7^* with at most k* crossings. A (a, 0, 0)-drawing P of C{G,T) with 



a < k can be constructed as follows. Initialize F = F* . For each vertex Vi of 
G* , consider a disk di centered at Vi in F and containing neither another vertex 
nor a crossing point between two edges. Then, for each edge {vi, Vj) in G* , place 
a vertex v[ on the intersection between {vi,Vj) and the boundary of di, place 
a vertex v'^ on the intersection between {vi,Vj) and the boundary of dj, and 
replace edge (wi, Vj) in F with edge {v'^, v'j). Finally, remove each vertex Vi of G* 
from F and represent each cluster Ci in F as disk c?j. Since each edge in F is 
represented as a Jordan curve that is a subset of the Jordan curve representing 
an edge in _r* , F contains at most the same number of crossings as F* . 

Suppose that (C(G,r),fc) admits a solution, that is, C{G,F) has a (a,0, 0)- 
drawing 7^ with a < fc. A drawing 7^* of G* with at most k* crossings can be 
constructed as follows. Insert vertex Vi inside any interior point of the region 
representing cluster Ci . Connect Vi with all the intersection points of the bound- 
ary of Gi with the edges incident to Ci so that no two drawn curves cross each 
other. Remove each vertex v'i and, for each edge e incident to v'^, the part of e 
which lies inside Ci. Remove the regions representing clusters of T. The crossings 
in the resulting drawing F* of G* are a subset of the edge-edge crossings in F. 
Namely, the curves that exist in F* and do not exist in F do not cross any edge 
of G*, given that F has no edge- region crossing. □ 

5 (0, f3, 0)-Drawings of Clustered Graphs 

In this section we deal with (0, (3, 0)-drawings of c-graphs. First, we present two 
algorithms to compute (0, /3, 0)-drawings of c-graphs. The two algorithms handle 
the case in which C{G, T) is not c-connected (Theorem [T]) and in which C{G, T) 
is c-connected (Theorem[8]), respectively. Both such algorithms have three steps: 
In the first step, a spanning tree F of the vertices of G is constructed in such a 
way that, for each cluster /i g T, the subgraph of T induced by the vertices of fi is 
connected. The two algorithms construct 7" in a different way. In the second step, 
a simultaneous embedding of G and F is computed. A simultaneous embedding 
of two graphs GiiV, Ei) and G2(F, E2) is a drawing of G{V, EiU E2) such that 
a crossing might occur only between an edge of Ei and an edge of E2 2\. In 
the third step, the (0, /3, 0}-drawing of C{G,F) is constructed by drawing each 
cluster /i of T as a region slightly surrounding the edges of F{p) and the 

regions . . . , R{^ik) representing the children /ii, . . . , /i^ of /i. 

In the case in which G(G, T) is not c-connected, we get the following: 

Theorem 7. Let C{G, T) he a c-graph. Fhen, there exists an algorithm to com- 
pute a {0,13,0) -drawing of C{G,F) with (3 e 0{n^). If C{G,T) is fiat, then 
13 e 0(n2). 

Proof. In the first step, tree 7" is constructed by means of a bottom-up traversal 
of T. Whenever a node /z G T is considered, a spanning tree F{^) of /z is con- 
structed as follows. Denote by fj.i,. . . ,fik the children of ^ in T (observe that, 
for each 1 < i < k, Hi is either a cluster or a vertex). Assume that spanning 
trees T(/zi), . . . , T{iJk) of /zi, . . . , /Zfe have been already computed. The spanning 



tree 7~(/i) of /i is constructed by connecting a vertex of /ii to a vertex of each of 
7'(^2), • • ■ , T{nk)- Tree T coincides with where p is the root of T. 

In the second step, we apply the algorithm by Kammer [13] (see also [5]) to 
construct a simultaneous embedding of G and T in which each edge has at most 
two bends, which implies that each pair of edges (ei G G, 62 G T) crosses a 
constant number of times. 

In the third step, each cluster /i is drawn as a region slightly surrounding 
the edges of T{ij) and the regions _R(^i), . . . , _R(^fc) representing the children 
fii,...,l2k of /i. Hence, each crossing between an edge ei G G and an edge 
62 G 7" determines two crossings between ei and the boundary of each cluster v 
such that 62 G T(i^). Since for each edge 62 G T there exist 0{n) clusters such 
that 62 G T(j^) and since there exist 0{ii?) pairs of edges (61 G G, 62 G T), the 
total number of edge- region crossings is O(n^). 

If G(G, T) is flat, then for each edge 62 G 7" there exists at most one cluster 

V different from the root such that 62 G 7~(j^), and hence the total number of 
edge-region crossings is 0{n^). □ 

If G(G, T) is c-connected, we can improve the bounds of Theorem[7]as follows: 

Theorem 8. Let C{G, T) he a c-connected c-graph. Then, there exists an algo- 
rithm to compute a {0, {3, 0)- drawing of C{G,T) with j3 G O(n^). If G{G,T) is 
fiat, l3 eO{n). 

Proof. In the first step, tree T is constructed by means of a bottom-up traver- 
sal of T. Whenever a node /i G T is considered, a spanning tree 7~(/i) of is 
constructed as follows. Denote by fii,...,fik the children of /i in T (observe 
that, for each 1 < i < k, fii is either a cluster or a vertex). Assume that 
spanning trees T{fJ.i), . . . , T{pk) of /xi, . . . , /^fe have been already computed such 
that T{ni) is a subgraph of G{iJLi), for i = 1, . . . , fc. Tree Tin) contains all the 
edges in T{fJ.i), ■ ■ ■ ,T{fJ.k) phis a minimal set of edges of G{fi) that connects 
T{ni), . . . , T{pLk)- The latter set of edges always exists since G(/i) is connected. 

In the second step, since each edge of T is also an edge of G, any planar 
drawing of G determines a simultaneous embedding of G and 7" in which no 
edge of G properly crosses an edge of T- Hence, the only edge-region crossings 
that may occur are those between any edge of G not in T whose endvertices 
belong to the same cluster pL and the boundary of R{y)- 

In the third step, clusters are drawn in the same way as in the proof of 
Theorem [71 Since there exist 0{n) edges 6^7" and since for each edge e 
there exist 0{n) clusters v such that both the endvertices of e belong to v, it 
follows that the total number of edge- region crossings is 0{n^). 

If C{G,T) is fiat, then for each edge e ^ T there exists at most one cluster 

V different from the root such that both the endvertices of e belong to i', and 
hence the total number of edge- region crossings is 0(n). □ 

We also prove some lower bounds on the number of er-crossings in (0, /3, 0)- 
drawings of c-graphs. In the case of non-c-connected flat e-graphs, a quadratic 
lower bound directly follows from Theorem [1] as stated in the following. 



Corollary 1. There exists a non c-connected flat c-graph C{G,T) such that 
/3 G ]7(n^) in every {0, l3,0)- drawing of C{G,T). 



Next, we deal with the c-connected case and present a quadratic and a linear 
lower bound for non-flat and flat cluster hierarchies, respectively. 

Theorem 9. There exists a c-connected non-flat c-graph C{G,T) such that (3 G 
Q{n'^) in every {0, (3,0) -drawing ofC{G,T). 

Proof. Let G be an (n + 2)-vertex triconnected planar graph such that for 
i = 1, . . . , ^, G contains a 3-cycle Gi = (a^, bi, a). Further, for z = 1, . . . , ^ — 1, 
G has edges (ai,ai+i), (ci,Ci+i). Finally, G contains two vertices Va 

and Vb such that Va is connected to ai, 6i, ci and vt is connected to a^,b:^,c^. 
Tree T is defined as follows: fii = {ai,6i,Ci} and, for each i = 2,...,^, 



Hi = U {aj,fo,,cj; moreover = {va} and /Xb = {vb}. See Fig. |5(a) 

In any planar embedding of G there exists a set 5* of at least ^ nested 3- 
cycles. All such cycles contain either Va or v^, say v^, in their interior. Let Ci be 
any of such cycles. For each cluster /i containing a^, hi, and Ci, not all the edges of 
Ci can entirely lie inside the region -R(/i) representing fj, in any (0, /3, 0)-drawing 
of C{G,T), as otherwise would enclose Vb- This implies that Ci intersects 
the border of R{fi) twice. Since there exist il{n) cycles in S each of which is 
contained in n{n) clusters, we have that any (0, /3, 0)-drawing of G{G, T) has 
Q{n'^) edge-region crossings. □ 

Theorem 10. There exist a c-connected flat c-graph G{G,T) such that P G 
f2[n) in every {0, l3,0)- drawing of G{G,T). 

Proof. The underlying graph G is defined as in the proof of Theorem |9l Tree T 
is such that, for i — 1, . . . ^n, vertices a^, bi, and Ci belong to cluster /i^; moreover 
Ma = {va} and Hb = {vb}- See Fig. |5(b)[ 

In any planar embedding of G there exists a set S of at least ^ nested 3- 
cycles. All such cycles contain either Va or Vb, say Vb, in their interior. Let Ci be 
any of such cycles. Not all the edges of Ci can entirely lie inside the region R{iii) 
representing Hi in any (0, /?, 0)-drawing of G{G,T), as otherwise R{fJ-i) would 
enclose Vb. This implies that Ci intersects the border of R{Hi) twice. Since there 
exist fi{n) cycles in S, we have that any (0, 0)-drawing of C{G,T) has i7(n) 
edge-region crossings. □ 

Next, we devote our efforts to determining the time complexity of minimizing 
the number of er-crossings in (0, /3, 0)-drawings. 

We define the problem /3-ClusterCrossingNumber (/3-CCN) as follows. 
Given a c-graph C{G,T) and an integer fc > 0, problem /3-CCN asks whether 
C{G,T) admits a (0, /3, 0)-drawing with (3 < k. Next, we prove that /3-CCN is 
NP-complete. 



Theorem 11. /3-CCN is NP-complete, even for c-connected flat c-graphs. 



(a) (b) 
Fig. 5. (a) Illustration for Theorem [9] (b) Illustration for Theorem 1101 



Proof. The membership in NP follows from Lemma [TJ 

The NP-hardness is proved by means of a polynomial-time reduction from 
the NP-complete [TU] problem SteinerTreePlanarGraphs (STPG), which 
is defined as follow: Given a planar graph G{V, E) whose edges have weights 
w : E ^ 'H^ given a set C of terminals, and given an integer fc, does a 
tree T*{V*,E*) exists such that (1) V* C V, (2) E* C E, (3) S C V* , and (4) 
Xle6_E* ^(e) < fc? The edge weights in w are bounded by a polynomial function 
p{n) (see [lO]). We are going to use the variant of STPG in which (A) G is a 
subdivision of a triconnected planar graph, where each subdivision vertex is not 
a terminal, and (B) all the edge weights are equal to 1. In the following we sketch 
a reduction from STPG to STPG with the described properties. 

Let G be any edge- weighted planar graph. Graph G'{V' , E') is a planar graph 
satisfying Property (A) and is obtained by augmenting G to any triconnected 
planar graph with dummy edges and by assigning weight w(e) = 3n • p(n) to 
each dummy edge e. Graph G"{V" ,E") is a planar graph satisfying Properties 
(A) and (B) and is obtained from G' by replacing each edge e with a path p{e) 
with w{e) edges, each with weight 1. Observe that \V"\ £ 0{n'^ ■ p{n)), hence 
the described reduction is polynomial. 

We sketch a proof that (G, S, k) is a positive instance of STPG if and only 
if (G", 5, k) is a positive instance of STPG. 

Suppose that {G,S,k) is a positive instance of STPG, i.e., there exists a 
tree T*{V*,E*) such that (1) V* C V, (2) E* C E, (3) S C V*, and (4) 
Eee-E*«^(e) < k. Then, we construct a solution T^{V^,E^) of {G",S,k) as 
follows. Initialize ^ E^ = 0. For each e e E*, add all the vertices of p(e) to 

and add all the edges oi p{e) to E^. 

Suppose that {G",S,k) is a positive instance of STPG, i.e., there exists a 
tree T*(F*,i;^) such that (1) V C V", (2) C E", (3) 5 C V, and (4) 
^gg^o u>(e) < k. Assume that is the optimal solution to {G",S,k), i.e., 
there exists no tree T« such that Ti{V^,E^) is a solution to {G",S,k) 
and X)ee-E« ""^(e) < X^eeB* w{e). Observe that if an edge of a path p{e) belongs 
to -E*, then all the edges of p{e) belong to E"^. Moreover, no edge of a path 
p{e) such that e is a dummy edge belongs to i?*. Then, we construct a solution 
T*{V*,E*) of (G,S',/c) as follows. Initialize V* = E* = 0. For each edge eG E 



such that contains the edges of p{e), add the endvertices of e to V* and add 
e to E*. 

Next we show a polynomial-time reduction from STPG (in which all the 
instances satisfy Properties (A) and (B)) to /3-CCN. Refer to Fig. [51 Let (G, S, k) 
be an instance of STPG. Since G is the subdivision of a triconnected planar 
graph, it admits a unique planar embedding, up to a flip and to the choice of 
the outer face. Construct a planar embedding Fq of G in such a way that a 
vertex s* in S is incident to the outer face. Construct the dual graph H of Fq 
in such a way that the outer face of H is dual to s*. For each terminal s G S* 
with s 7^ s*, consider the set Eq{s) of the edges incident to s in G and consider 
the face fs of H composed of the edges that are dual to the edges in Ec{s); 
add s to the vertex set of H, embed it inside fs, and connect it to the vertices 
incident to fs- Observe that s* does not belong to H. Denote by /* the outer 
face of the resulting embedded graph H. Define the inclusion tree T as follows. 
For each vertex Si in S, with 1 < i < \S\, T has a cluster fii — {si}; all the other 
vertices in the vertex set of H belong to the same cluster i^. Then, the instance 
of ^-CCN is {C{H,T),k). 




Fig. 6. Illustration for the proof of Theorem 1111 Solid (black) lines are edges of G; 
dashed (red) and dotted (blue) lines are edges of H; black circles and white squares 
are non-terminal vertices and terminals in G, respectively; finally, red circles and white 
squares are vertices in H. 

We show that {C{H,T), k) admits a solution if and only if (G, S, k) does. 

Suppose that (G, 5', k) admits a solution T* . Embed H so that its outer face is 
/*. Construct a drawing of cluster ^ as a simple region i?(j^) that entirely encloses 
H , except for a small region surrounding T* (observe that such a simple region 
R{v) exists since s* is in /*). Draw each cluster as a region R{fii) surrounding 
Si sufficiently small so that it does not intersect R{iy). Observe that the resulting 
drawing of C{H, F) is a (0, /3, 0)-drawing. Moreover, i?(z^) intersects all and only 
the edges dual to edges in F* , hence there are at most k edge-region crossings. 

Suppose that C{H,F) admits a (0, /?, 0)-drawing F with at most k edge- 
region crossings. Consider the graph F* that is composed of the edges that are 
dual to the edges of H participating in an edge-region crossing. We claim that 
T* has at least one edge incident to each terminal in S and that T* is connected. 



The claim implies that T* is a solution to the instance (G, S, k) of STPG, since 
T* has at most k edges. Consider any terminal s G S. li none of the edges 
incident to s in G belongs to T*, it follows that none of the edges of H incident 
to face fs has a crossing with the region R{i') representing v in F. If s ^ s* , 
then since all the vertices incident to fs have to lie inside we have that 

either R{iy) is not a simple region or it contains s, in both cases contradicting 
the assumption that _r is a (0, /3, 0)-drawing. Also, if s = s*, then we have that 
either Riv) is not a simple region or it contains all the vertices of H, and hence 
also vertices not in ly, in both cases contradicting the assumption that _r is a 
(0, /3, 0)-drawing. Suppose that T* contains (at least) two connected components 
Ti and Tj*. At most one of them, say Tj*, might contain s* . Hence, none of the 
edges of T2 is dual to an edge incident to /*. Therefore, there exists a bounded 
region of the plane that does not belong to and that is enclosed by the 

border of R{v)^ thus implying that R{v) is not a simple region. □ 

6 (0, 0, 7)-drawing of Clustered Graphs 

We first observe that there exist c-graphs not admitting any (0, 0, 7)-drawing. We 
give two examples. Let G(G,T) be a c-graph such that G is a triconnected and 
has a cycle of vertices of a cluster separating two vertices not in /i. Note that 
introducing rr-crossings does not avoid that one of the two vertices is enclosed 
by R{n). Further, let G(G, T) be a c-graph such that G is a composed of parallel 
paths pi, p2, Pa, and pi. Tree T is such that cluster fii contains a vertex of pi 
and a vertex of P2 ', cluster ^2 contains a vertex of P2 and a vertex of p^ ; cluster 
/i3 contains a vertex of P2 and a vertex of p^. Note that, in a (0, 0, 7)-drawing 
of C{G,T) p2 should be adjacent to all the other paths in the order around the 
poles, and this is not possible. See Fig.[71 




Fig. 7. A series-parallel graph not admitting a (0, 0, 7)-drawing 

Hence, we study the complexity of testing whether a graph admits a (0, 0, 7)- 
drawing. Let C{G,T) be a c-graph and let F he a. planar embedding of G. For 
each cluster G T consider an auxiliary graph G^ with the same vertices as 
G and such that there is an edge between two vertices of G^ if and only if the 
corresponding vertices of G are incident to the same face in F. 

Lemma 4. Let C{G,F) be a c-graph and let F be a planar embedding of G. 
Then, C{G,T) admits a {0,0, j)- drawing preserving F if and only if for each 
cluster iJ G T : (i) graph G^ is connected, and (ii) there exists no cycle of F 
whose vertices belong to ji that separates two vertices not belonging to /i. 



Proof. Suppose that, for each cluster /x e T, graph is connected and that 
there exists no cycle whose vertices belong to ji that separates two vertices not 
belonging to fi. Consider the subgraph G^ of G^ such that: (i) G'^ is connected; 
(ii) no cycle exists in G^ containing an edge not in G. Observe that the con- 
nectivity of G^ implies the existence of a graph G^ satisfying (i) and (ii). Draw 
each edge of GJJ^ not in G inside the corresponding face. Represent as a region 
slightly surrounding the (possibly non-simple) cycle delimiting the outer face of 
G(/u), where G(/i) also contains the edges of G^. Denote by the resulting 
drawing and denote by Fc the drawing of G (G, T) obtained from F'(j by remov- 
ing the edges not in G. We have that Fc contains no ee-crossing, since r' is a 
planar embedding. Also, it contains no er-crossing, since the only edges crossing 
clusters in are those belonging to G'^. 

Suppose that G^ is not connected. Then, in any drawing of the region i?(/z) 
representing /i, the border of -R(/u) intersects (at least) one of the edges of a cycle 
separating distinct connected components of G^. Suppose that a cycle C exists 
in F whose vertices belong to ii that separates two vertices not belonging to fi. 
Then, in any drawing of i?(/Lt) as a simple closed region containing all and only 
the vertices in /i, the border of R{n) intersects (at least) one edge of C. □ 

Let G(G, T) be a c-graph such that G is biconnected and consider the SPQR- 
tree T of G. Consider a node r G T, its pertinent graph pert{T) (augmented 
with an edge e between the poles representing the parent of r), and a planar 
embedding F{pert{T)) with e on the outer face. Let /'(r) and /"{t) the two 
faces that are incident to e. Also, consider a cluster fi gF. We define H{t, /x) as 
the graph containing all the vertices of pert{T) that belong to /x and such that 
two vertices of H{t, /x) are connected by an edge if and only if they are incident 
to the same face in F{pert{T)). 

We say that F(pert{T)) is: (i) ^-traversable, if H{t, fi) is connected and con- 
tains at least one vertex incident to /'(r) and one vertex incident to /"(t); 
(ii) fj,-sided, if H{t,ij) is connected and contains at least one vertex incident to 
/'(r) and no vertex incident to /"(t), or vice versa; (iii) fx-bisided, if H{t,^) 
consists of two cormcctcd components, one containing a vertex of /'(r) and no 
vertex of /"{t), and the other one containing a vertex of /"(r) and no vertex of 
/'(t); and (iv) ii-kernelized, if H{r, jj) is connected and contains neither a vertex 
incident to /'(t) nor a vertex incident to /"{t). 

Note that, if pert{T) has at least a vertex of fi, then r{pert{T)) is exactly 
one of the defined types of embedding. Also note that, if pert{T) admits a /x- 
traversable embedding F{pert{T)), then all the embeddings of pert{T) are /x- 
traversable. Hence, we also say that r (and the virtual edge representing r in 
the skeleton of its parent) is ji-traversahle. Finally note that, if a pole of r belongs 
to /X, then every embedding oi pertir) is /x-traversable. 

Further, we say that a node t gT (and the virtual edge representing r in the 
skeleton of its parent) is: (i) ^-touched, if there exists a vertex in pert{T) \ {u, u} 
that belongs to /x; (ii) i-i-full, if all the vertices in pert{T) belong to /x; (iii) /x- 
spined, if there exists in pert{T) a path P between the poles of r that contains 



only vertices of /x. Observe that, if r is /i-spined and pert{T) is not a single edge, 
then T is ^-touched. 

Finally, given a /x-spined and not /x-full node r, embedding r{pert{T)) is /j.- 
side-spined if one of the two paths connecting the poles of r and delimiting the 
outer face of r{pert{T)) has only vertices in p,. Otherwise, it is pi- central- spined. 

Observe that, if t is /i-spincd. then it is also /i-travcrsablc, since its poles 
belong to /i. Moreover, if t is /x-spined, then either r is /i-full, or r{pert{T)) is 
/u-side-spined, or r{pert{T)) is /U-central-spined. 

Let G'{T,fj) be an auxiliary graph with one vertex Vf for each face / of 
r{pert{T)) containing a /i-traversable virtual edge on its boundary. Two vertices 
of G'{t,i^) are connected by an edge if they share a /x-traversable virtual edge. 

We say that an embedding _r(sfc(r)) is extensible if the following condition 
holds: If C(G, T) admits a (0, 0, 7)-drawing then it admits one in which the 
embedding of sfc(T) is r'(sfc(r)). The same definition applies to an extensible 
embedding r{pert{T)). 

Lemma 5. Let C{G,T) be a c-graph and let t be a node in T. Then, an em- 
bedding r{sk{T)) is extensible iff the following properties hold. For each cluster 
II e T: (i) There exists no cycle in r{sk{T)) of ^i-spined virtual edges ei, . . . , e/, 
containing in its interior a vertex of sk^r) not belonging to ii or a virtual edge 
that is not ^i-full; (ii) G'{t,ij,) is connected. If G'{t,ii) contains at least one 
vertex, then each virtual edge of sk{T) which is ^-touched and not ^-traversable 
shares a face with a fj,-traversahle virtual edge in F^skir)). If G'(t,ix) contains 
no vertex, then all the ji-touched virtual edges are incident to the same face of 
F{sk{T)). 

Proof. Suppose that an embedding F{sk{T)) of sA:(t) is extensible. That is, if 
C{G,T) admits a (0, 0, 7)-drawing, then it admits one in which the embedding 
of sA:(t) is F{sk{T)). We prove that Properties (i) and (ii) are satisfied. First, no 
cycle (ei, . . . , eh) in 7^(sfc(r)) is such that virtual edges ei, . . . , are /x-spined, 
that contains in its interior a vertex of sfc(T) not belonging to /x or a virtual 
edge that is not /i-fuU, as otherwise in any drawing F of C{G,T) in which 
the embedding of sA;(t) is r'(sfc(r)), there would exist a cycle whose vertices all 
belong to /x enclosing a vertex not belonging to /x, thus implying either that i?(/x) 
is not simple or that F contains an edge- region crossing. Moreover, G'{t,ii) is 
connected, as otherwise in any drawing F of G{G, T) in which the embedding of 
sfc(r) is F{sk{T)), there would exist a cycle none of whose vertices belongs to fj, 
separating vertices belonging to fi, thus implying cither that is not simple 
or that F contains an edge-region crossing. Suppose that G'{t,ijl) contains at 
least one vertex. Then each virtual edge e of sfc(r) which is /x- touched and not 
/i-traversable shares a face with a /i-traversable virtual edge in _r(sfc(r)). For a 
contradiction, suppose it doesn't. Consider the two faces fl and incident to 
e and consider the cycle Cg of virtual edges composed of the edges of fl and 
/g, except for e. Since none of the edges of Cs is /i-traversable, we have that 
pert{Cs) contains a cycle C none of whose vertices belongs to /x passing through 
all the vertices of Cg. Observe that C contains vertices of /x in its interior (those 



in pert{e)) and vertices of /x in its exterior (those in the pertinent graph of a 
virtual edge of sfc(r) which is /x- traversable; such an edge exists since G'(r, /^) 
contains at least one vertex). Hence, in any drawing F of C{G,T) in which the 
embedding of s/c(r) is _r(sfc(r)), there would exist a cycle none of whose vertices 
belongs to /z separating vortices belonging to /U, thus implying either that -R(/x) 
is not simple or that F contains an edge-region crossing. Suppose that G'{t,ii) 
contains no vertex, all the yu-touched virtual edges are incident to the same face 
of F{sk{T)). For a contradiction, suppose they are not. Consider the two faces 
/g and /g incident to any /i-touched virtual edge e and delimited by cycles Cl 
and Cg, respectively. Then, in any drawing F of C(G, T) in which the embedding 
of sfc(r) is F{sk{T)), there exists a cycle C such that none of the vortices of C 
belongs to fi, such that all the vertices of C belong either entirely to pert{Cl) 
or entirely to pert{Cg), say to pert{Cl), and such that C contains vertices of ^ 
in its interior (those in pert{e)) and vertices of /i in its exterior (those in the 
pertinent graph of a virtual edge of sfc(T) which is not incident to f^; such an 
edge exists since not all the /i-touched virtual edges are incident to the same face 
of r'(sfc(r))). This implies that either that i?(/u) is not simple or that F contains 
an edge-region crossing. 

Suppose that Properties (i) and {ii) hold for an embedding i"(sfc(r)) of s/c(t). 
We prove that r(sfc(r)) is extensible. If C(G, T) admits no (0, 0, 7)-drawing, then 
there is nothing to prove. Otherwise, suppose that C{G,T) admits a (0,0,7)- 
drawing F' in which the embedding of sA;(r) is F'{sk{T)) ^ i"(sfc(r)) and admits 
no (0, 0, 7)-drawing in which the embedding of sA;(t) is /^(sfc(r)). Observe that 
T is a P-node, as otherwise sk(p) has only one embedding. We show how to 
modify F' in a (0, 0, 7)-drawing drawing F such that the embedding of sfc(r) is 
r'(sfc(r)). Consider any maximal sequence 61,62, ■ .■,6h of virtual edges of r in 
F'{sk{T)) such that, for any 1 < i < h — 1, there exists a cluster such that 
Cj and ej+i are both //-touched. Observe that ei, 62, . . . , are also consecutive 
in F{sk{T)), possibly with a different ordering among them. Observe that Cj 
and Cj+i have to be consecutive in any extensible embedding of sk{mu), unless 
one of them is /t-traversable. Hence, edges ei, 62, . . . , e/i can be rearranged as 
in F{sk{T)) without modifying the rest of F', as long as the ordering of edges 
ei, 62, . . . , e?i in F{sk{T)) allows for drawing each cluster /t for which at least one 
of ei, 62, . . . , e/i are /t-touched. However, that such clusters can be drawn without 
intersecting any edges easily comes from the fact that cycles of the same cluster /t 
do not enclose vertices not in /t (Property {i)), from the connectivity of G'(r, fj.), 
from the fact that if G'{t, /t) contains at least one vertex, then each virtual edge 
of the skeleton of r which is /<- touched and not //-traversable shares a face with a 
//-traversable virtual edge in F{sk{T)), and from the fact that if G'{t, //) contains 
no vertex, then all the /t-touched virtual edges are incident to the same face of 
F{sk{T)) (Property (ii)). It remains to observe that distinct maximal sequences 
as the one described above can be reordered in any way without modifying the 
drawings of the regions representing clusters, and thus not introducing any edge- 
cluster crossings. □ 



Observe that the unique embedding of the skeleton of an S-node is extensible. 



Theorem 12. Let C{G,T) be a c-graph such that G is biconnected. Then, there 
exists a polynomial-time algorithm to test whether C{G,T) admits a (0,0,7)- 
drawing. 

Proof sketch: First, we perform a preprocessing step to compute the following 
information. For each node t ^ T and for each cluster G T, we label each 
virtual edge {u,v) of sA:(t) with flags stating whether: (i) {u,v) is /Lt-touched; 
(ii) (u,f) is ^-fuU; (iii) {u,v) is /i-spined; (iv) {u,v) is /i-traversable. 

For every P-node and every R-node r of T, the visible nodes of r are the 
children of r that are not S-nodes plus the children of each S-node child of r.We 
traverse T bottom-up, after having rooted it at an arbitrary Q-node. At each 
step, we consider either a P-node or an R-node r with visible nodes n, . . . , r^. We 
inductively assume that, for each visible node Ti, with 1 < i < fc, an extensible 
embedding r{pert{Ti)) has been computed. 

We test whether sk{Ti) admits an extensible embedding r{sk{Ti)). In the 
positive case, we test whether a flip of each r[pert{Ti)) exists such that the 
resulting embedding r{pert{T)) is extensible. 

Suppose that r is an R-node. We test whether the only embedding of sfc(r) 
is extensible. This is equivalent to test Properties (i) and (ii) of Lemma[5] Such 
a test can be easily performed in polynomial time. 

Suppose that r is a P-node. We check whether there exists an extensible 
embedding of sfc(T) as follows. We impose constraints on the ordering of the 
virtual edges of r. For each cluster we impose that the /x-full virtual edges are 
all consecutive; we verify that there are at most two /i-spined virtual edges that 
are not /i-fuU, otherwise we return false; if there exists no /i-full virtual edge, then 
we impose that the ^-spined virtual edges are consecutive; if there exists at least 
one /i-full virtual edge, then, for each /i-spined virtual edge, we impose that such 
an edge and all the /z-fuU virtual edges are consecutive. Also, for each cluster 
/i, we impose that the /x-traversable virtual edges are all consecutive; we verify 
that there are at most two /z-touched virtual edges that are not /i-traversable, 
otherwise we return false; if there exists no /x-traversable virtual edge, then we 
impose that the /i-touched virtual edges are consecutive; if there exists at least 
one /i-traversable virtual edge, then, for each /i-touched virtual edge, we impose 
that such an edge and all the /x-traversable virtual edges are consecutive. We 
check whether an ordering that enforces all these constraints exists by using the 
PQ-tree data structure [1]. If such an ordering does not exist, we return false, 
otherwise we have an extensible embedding of sfc(r). 

We now determine an extensible embedding of pert(/x), if one exists, by choos- 
ing the flip of the embedding r{pert{Ti)) of each visible node Ti in the extensible 
embedding r{sk{Ti)). We initialize a boolean formula F = ^. Then, for each 
visible node Ti, we assign an arbitrary flip to Ti and define a boolean variable Xi 
that is positive if Ti has the assigned flip and negative otherwise. 

For each cluster /i, we consider the embedded subgraph /^(sfc(T))^ oir{sk{T)) 
containing all the /x-spined virtual edges. Note that, since r{sk(T)) satisfies 
Property (i), each virtual edge which is not incident to the outer face is /i-fuU. 
Consider each virtual edge e corresponding to a P-node Ti or to a R-node Ti or 



to an S-node v which is parent of a node Tj such that: (i) e is incident to the 
outer face of r{sk{T))ij, and (ii) is not /U-full (observe that r{pert{Ti)) is either 
/x-side-spined or ^-central-spined) . Suppose e is part of a cycle in r{sk{T))^. If 
r{pert{Ti)) is ^-central-spined, then return false, otherwise add clause {xi} to 
F if the default flip of r{pert{Ti)) places a node not in ^ on the outer face of 
r{sk{T))i^, and add clause {^Xi} to F if the default flip of r{pert{Ti)) places a 
node not in fj, on an internal face of -r(sfc(T))^. 

Suppose that there exists a visible node such that: (i) r{pert{Ti)) is /i-sidcd; 
(ii) Ti is not the child of an S-node v that has a child r; which is /^-traversable; 
and (iii) ti shares exactly one face with a /x-traversable or /i-sided node Tj . Then 
we add clause {~'Xi} or {xi} to F depending on whether r{pert{Ti)) has to be 
flipped or not, respectively, in order to make the vertices of pert{Ti) be incident 
to the face that shares with tj. 

Suppose that there exists a visible node r,; such that: (i) r{pert{Ti)) is /z- 
bisided and (ii) Tj is not the child of an S-node v that has a child r; which is 
/z-traversable. Then we check whether all the visible nodes which are children 
of T are /x-traversable and if, for each S-nodc v which is child of r, at least one 
visible node child of u is /^-traversable. If not, we return false. 

For each 5- node u child of r such that (i) no child of v is /t-traversable, 
and (ii) no child of r different from v is /i-touched, consider each pair of visible 
nodes Ti and Tj children of v that are both /i-sided. Assume that r{pert{Ti)) and 
r{pert{Tj)) have vertices of /i incident to the same face (do not have vertices of 
/i incident to the same face) when they both have their default flip; then add 
clauses {xi V -^Xj) and {-^Xi V Xj) (resp. {xi V Xj) and {-^Xi V -^Xj)) to F. 

Observe that all the described checks and embedding choices, and the con- 
struction and solution of the formula can be easily performed in polynomial time. 

□ 

We now turn our attention to establish bounds on the minimum value of 7 
in a (0, 0, 7)-drawing of a c-graph. 

Theorem 13. Let C{G, T) be a c-graph such that G is planar. Then, there exists 
an algorithm to compute a {0,0, j)- drawing of C{G,T) with 7 € 0{n^), if any 
such a drawing exists. If C{G,T) is flat, then 7 £ 0{n^). 

Proof. Suppose that C(G, T) admits a (0, 0, 7)-drawing. Then, consider the draw- 
ing r of the underlying graph G in any such a drawing. For each cluster /(, place 
a vertex 71^./ inside any face f oi F that contains at least a vertex incident to /, 
and connect w^j to all the vertices of /t incident to /. Note that, the graph com- 
posed by the vertices of /t and by the added vertices u^j^ is connected. Then, 
construct a spanning tree of such a graph and draw Rip.) slightly surrounding 
such a spanning tree. The cubic bound on 7 comes from the fact that each of the 
0{n) clusters crosses each of the 0{n) other clusters a linear number of times. 
On the other hand, if C(G, T) is flat, then each of the 0(n) clusters crosses each 
of the 0{n) other clusters just once. □ 

Theorem 14. There exists a non c- connected flat c-graph C{G,T), where G is 
outerplanar, such that 7 G i?(n^) in every {0,0,j) -drawing of C{G,T). 



Proof. We first define C(G, T). Consider any cycle C of n vertices vi,V2, ■ ■ ■ ,Vn, 
wliere n is even. For i ~ l,2,...,n, add to C a vertex Ui and connect it to 
Vi and Wi+i, wliere Wn+i = ^i. Denote by G the resulting outerplanar graph. 
Tree T is such that vertices wi , U2 , • • • , w„ belong to the same cluster \x* and, for 
1 = 1,2,..., n/2, vertices Ui and u„/2+i belong to /i^. See Fig. [8] 
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Fig. 8. Illustration for Theorem [Til 

Since all the vertices mi, W2, . . . , u„ have to lie outside cluster /i*, it follows 
that, in any (0, 0, 7)-drawing of C{G^T) the embedding of G is outerplanar. 
Hence, for any i j e {1, 2, . . . , n/2}, cluster /^^ intersects cluster /ij. □ 

Theorem 15. There exists a non c-connected non flat c-graph C{G,T), where 
G is outerplanar, such that j G f2{n^) in every {0,0, j)- drawing of C{G,T). 

Proof. We first define C(G, T). Consider any cycle C of n vertices vi,V2, . ■ . ,Vn, 
where n is multiple of 4. For i — 1,2, ... ,n, add to C a vertex Ui and connect it 
to Vi and Wi+i, where = vi. Denote by G the resulting outerplanar graph. 
Tree T is defined as follows. Set = {ui} and fi2 ~ {""2}- Then, for each 
i = 3, 4, . . . , n, set fit = /Xi_2 U {ut}. Finally, set /i* ~ {vi, V2, . ■ . ,Vn} and let /j,*, 
jUi, and /Lt2 be children of the root of T. 

Since all the vertices ui,U2, . . . ,Un have to lie outside cluster fi* , it follows 
that, in any (0, 0, 7)-drawing of C{G,T) the embedding of G is outerplanar. 

We claim that, for each i e {|, | + 2, . . . , n} and je{f + l,f + 3,...,n-l}, 
the border of the region representing cluster (ii intersects the border of the region 
representing cluster pij Q{n) times. Observe that the claim implies the theorem. 

Consider the border B{pLi) of cluster jit, for any i G {^, ^ + 2,. . . , n}. First, 
for each 2 < k < ^ such that k is even, B{^i) properly crosses edge {vk,Uk) in 
a point pk and edge (wfc+i, Uk) in a point p'j^, given that Hi contains Uk and does 
not contain vt and vt+i- Second, for each 1 < h < ^ such that h is odd, B{^i) 
does not cross edges (vh,Uh), given that /Ltj contains neither Uh, nor u/j, nor Vk+i- 
Third, the intersection point of B{ni) with G that comes after pk and pJc is Pfc+2, 
as otherwise B{pii) would not be a simple curve or an er-crossing would occur. 
Analogous considerations hold for each j £ {^ + l,^ + 3,...,n — 1}. Hence, 
the part of B{fii) between p'f. and Pk+2 not containing pk intersects the part of 
B(iJLj) between pj.^]^ andpfc+3. □ 



We define the problem 7-ClusterCrossingNumber (7-CCN) as follows. 
Given a c-graph C{G,T) and an integer fc > 0, problem 7-CCN asks whether 
C(G,T) admits a (0, 0, 7)-drawing with 7 < fc. In the following theorem we 
prove that 7-CCN is NP-complete even in the case in which the underlying 
graph is planar, namely a forest of star graphs, by means of a reduction from 
the CrossingNumber problem. 

Theorem 16. Problem 7-ClusterCrossingNumber is NP-complete. 

Proof. The membership in NP follows from Lemma [TJ 

The NP-hardness is proven by means of a polynomial-time reduction from 
the known NP-complete CrossingNumber problem [9 . We describe how to 
construct an instance (C(G, T), fc) of 7-CCN starting from an instance (G*, fc*) 
of CrossingNumber. 




Fig. 9. Illustration for the proof of Theorem 1161 A part of graph G* (a) and the 
corresponding part of C{G,T) (b). 



For each vertex Vi of G*, G contains a tree with one internal node pi and 
deg{vi) leaves. C{G,T) contains \E\ clusters defined as follows. For each edge 
{vi,Vj) of G*, G(G, T) contains a cluster which includes a leaf of and a leaf of 
£,j in such a way that each leaf belongs to exactly one cluster. See FiglS) Further, 
set fc = fc*. Observe that instance (C(G,T) , fc) can be constructed in polynomial 
time. □ 



7 Open Problems 

Given a c-graph whose underlying graph is planar we defined and studied its 
(a, /3, 7)-drawings, where the number of ee-, er-, and rr-crossings is equal to a, 
f3, and 7, respectively. This paper opens several problems. First, some of them 
are identified by non-tight bounds in the tables of the Introduction. Second, in 
order to study how allowing different types of crossings impacts the features of 
the drawings, we concentrated most of the attention on (a, /3, 7)-drawings where 
two out of a, /3, and 7 are equal to zero. It would be interesting to study classes 
of c-graphs that have drawings where the values of a, /3, and 7 are balanced in 
some way. Third, we have seen that not all c-graphs whose underlying graph is 
planar admit (0, 0, 7)-drawings. It would be interesting to characterize the class 
of c-graphs that admit one. 



References 

1. K. S. Booth and G. S. Lueker. Testing for the consecutive ones property, inter- 
val graphs, and graph planarity using pq-tree algorithms. J. Comput. Syst. Sci., 

13(3) :335 379, 1976. 

2. P. Brafi, E. Conck, C. A. Duncan, A. Efrat, C. Erten, D. Ismailescu, S. G. 
Kobourov, A. Lubiw, and J. S. B. Mitchell. On simultaneous planar graph embed- 
dings. Comput. Geom., 36(2): 117-130, 2007. 

3. P. F. Cortese, G. Di Battista, F. Frati, M. Patrignani, and M. Pizzonia. C-planarity 
of c-connocted clustered graphs. J. Graph Alg. AppL, 12(2):225-262, 2008. 

4. G. Di Battista and F. Frati. Efficient c-planarity testing for embedded flat clustered 
graphs with small faces. J. Graph Alg. AppL, 13(3):349-378, 2009. 

5. C. Erten and S. G. Kobourov. Simultaneous embedding of planar graphs with few 
bends. J. Graph Algorithms AppL, 9(3):347-364, 2005. 

6. Q. Feng, R. F. Cohen, and P. Eadcs. Planarity for clustered graphs. In Proc. 
European Symposium on Algorithms, volume 979 of LNGS, pages 213-226, 1995. 

7. Q. W. Feng, R. F. Cohen, and P. Eades. How to draw a planar clustered graph. 
In COCOON'95, volume 959 of LNGS, pages 21-30, 1995. 

8. Michael Forster. Crossings in clustered level graphs. PhD thesis, 2005. 

9. M. R. Garey and D. S. Johnson. Crossing Number is NP-Complete. SIAM Journal 
on Algebraic and Discrete Methods, (3):312-316. 

10. M. R. Garey and D. S. Johnson. The Rectilinear Steiner Tree Problem is NP- 
Complete. SIAM J. AppL Math., 32:826-834, 1977. 

11. C. Gutwenger, M. Jiinger, S. Leipert, P. Mutzel, M. Percan, and R. Weiskircher. 
Advances in c-planarity testing of clustered graphs. In GD'02, LNGS, pages 220- 
235. 

12. V. Jelmek, O. Suchy, M. Tesar, and T. Vyskocil. Clustered planarity: Clusters 
with few outgoing edges. In GD '08, pages 102-113, 2009. 

13. F. Kammer. Simultaneous embedding with two bends per edge in polynomial area. 
In SWAT, volume 4059 of LNGS, pages 255-267, 2006. 

14. J. Pach and G. Toth. Which crossing number is it anyway? J. Gomb. Theory, Ser. 
B, 80(2):225-246, 2000. 



